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Abstract 



We study the global strong solutions to a 3-dimensional parabolic-hyperbolic 
Keller-Segel model with initial data close to a stable equilibrium with pertur- 
bations belonging to L^(R'^) x H^{M.^). We obtain global well-posedness and 
decay property. Furthermore, if the mean value of initial cell density is smaller 
than a suitabale constant, then the chemical concentration decays exponen- 
tially to zero as t goes to infinity. Proofs of the main results are based on 
an application of Fourier analysis method to uniform estimates for a linearized 
parabolic-hyperbolic system and also based on the smoothing effect of the cell 
density as well as the damping effect of the chemical concentration. 
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1 Introduction 

In this paper, we study the following normalized 3-dimensional chemotaxis model 



for i > and x € M^, where u{x,t), v{x,t) denote the cell density and the chemical 
concentration, respectively. System (jl.ip was proposed by Othmer and Stevens 
[29j to describe the chemotactic movement of particles where the chemicals are 
non-diffusible and can modify the local environment for succeeding passages. For 
example, myxobacteria produce slime over which their cohorts can move more readily 
and ants can follow trails left by predecessors [TO]. One direct application of (jl.ip 
is to model haptotaxis where cells move towards an increasing concentration of 
immobilized signals such as surface or matrix-bound adhesive molecules. 



dtu = An -|- V • (uV In v) 
dtv = uv — fiv 



(1.1) 



With no loss of generality, by setting w = + lnv in (jl.ip , we get 
' dtu = Au + V ■ (uVw), 

< dtw = u, (1.2) 

^ {u,w)\t=o = {uo,wo) 

for t > and a; G M^. System ()1.2p was studied in [M] in one-dimensional case 
and was extended to multidimensional cases in \23\ [23] . It was studied in |29] and 
a comprehensive qualitative and numerical analysis was provided there. We refer 
readers to Refs. [SlITlElliniliaiiaiiaiMEIllSllISailSlllSlI^ 
[Ml [35l [36l [37] for more discussions in this direction. Recently, in [23], the local 
and global existence of the classical solution to (|1.2p was studied when initial data 
(uo — Vtfo) e H^^{M.^) X ffi+(M^) with u being the mean value of uq {s = |+ 
stands for s > | and similar conventions are applied throughout this paper). Later 
on, Hao [12j studied global existence and uniqueness of global mild solution for initial 
data close to some constant state in critical Besov space with minimal regularity 
where the proof is in the Chemin-Lerner space framework which was introduced by 
Chemin and Lerner [5j and aferwards developed in a series of works (see e.g. ^9|). 

Noticing that the Cauchy problem of system (|1.2p is invariant under the following 
scaling transformations 

(u{t,x), {Vw){t,x)^ (^X^u{X^t,Xx), X{Vw){X^t,Xx)^ 

and 

(uo{x), (V'u;o)(x)) ^ (^X\o{Xx), A(Vu'o)(Ax)) . 

The idea of using a functional setting invariant by the scaling is now classical and was 
originated from many works (see e.g. [3]). It is clear that the critical Sobolev space 
for (uo,Vwo) is H-^{R^) x H^R^) and, correspondingly, ij^-^^R^) ^ H^'^R^) 
(s > |) is the subcritical Sobolev space. 

As for the critical case, it seems to be difficult to prove global existence of mild 
solution to system (II. 2p with {uq, Vwq) G H^2(R^) x H2 (R^) due to the invalidity of 

iJz (M'^) ^L°°(M'^). Thus a suitably smaller initial data space the hybrid Besov 

space B~J{R^) x {Bl^{R^) n ^^^(M^)) and Bl^{R^) ^ (M.^) were used in [H]. 

As for the subcritical case, we observe that L^(M^) function (1 + |xp)~^ neither 
■ 1 ■ -i 

belongs to H~2(R^) nor to Sg^M^). Hence the case of {uo,Vwo) G ^^(M^) x 

H^{R^) can not be treated directly by applying results of the critical case, cf. 

|12] . We believe that the Chemin-Lerner space framework can be modified slightly 

to handle the subcritical cases. However, we do not proceed to this way but 

consider well-posedness of mild solution in the L^(M'^) x i7^(R'^) framework and 

Fourier multiplier theory provides us with another option. Recalling the well known 

weak solution theory for heat equation, we observe that searching a solution u in 
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C{[0, oo); L'^im.^)) n L^{0,oo; H^{M.^)) is also important to understand ([L2|). Mean- 
while, assuming Vwq G //^(M'^) is convenient to study the decay property of w. 

Following similar energy arguments as in [23J, one can decrease the indices of 
the solution space H'^{M.^) from s = |+ to s = 2 or even to s = |+, where s = | 
seems to be unreachable for energy arguments. Indeed, by multiplying ()1.2I) by some 
proper terms of u and w, then integrating by parts, we get 

^(ll^llia + llVu'llla + IIAi+ull^a + IIAl+V'u;!!^^) <-2||Vu||^2 + ||V(n2) • Vw\\li 
+2\\Vw ■ Vu\\li -2||Ai+u||^2 + ||VAi+p •Ai+(pg)||ii + ||VAt+n -VA^^wWli. 



Applying Holder's inequality and ff2 + (M3) ^iP°(]R^) to the above inequality and 
following similar arguments of the proof of Theorem 1.1 in [23j . we get 

^A\Wf 3^ + \\Vwf 3+ + 1) < -||Vn||2 3^ + {\\uf 3+ + \\Vwf 3+ + 1)'. 

Then a simple Gronwall argument yields local well-posedness of (jl.2p for (uq, Vifo) G 
i?2 + (M3) X 2 + (M^). The methods used in the present article serve as a supplement 
to the energy method. 

Meanwhile, in system (II. 2p . one needs to consider two major terms Au and 
uAw. It suffices to assume that all the second derivatives of u and w exist al- 
most everywhere, although maybe certain higher derivatives will not exist. Conse- 
quently, we also expect to establish well-posedness of such solution to system (jl.2p 
with initial data {uo,Vwo) £ H^(M.^) x ^^(R^). Precisely, we will show that the 
Cauchy problem of system (jl.ip has a unique solution (n — u, V((/i — u)t + Inv)) in 
C{[0,oo);H^(M.^)) X C([0, oo); i/^(M^)) provided that the initial data (uq, Vlnuo) is 
close to some constant equilibrium state (n,0) and the difference {uq — n, Vlnvo) 
belongs to G H^{R^) x ^^(M^) (n is defined in (fL3l> ). 

In the 4-dimensional case, scaling invariant discussion suggests that the initial 
data space L^(]R^) x //-^(M'^) is critical. It is an interesting question whether the 4D 
model (]1.2p has a solution even locally in time with (uq, Vwq) G L^(M^) x H^iW^). 

By modifying the definition of the mean value of u in bounded domains, we 
define 

u = lim / uo{x)dx, (1-3) 

R^oo \Br\ Jb^ 

where Bpi C is a ball centered at the origin with radius R and uq is the initial 
cell density. Applying p = u — u, h = {fi — u)t + lnv and -u = 1 to (II. ip . we get 

j dtp = Ap + Ah + V ■ (pVh), 
I dth = p. 
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It is easy to check that for any positive constant c, if {p, h) is a solution to the 
above system, then {p,h + Inc) is also a solution. Or equivalently, if (n,f) is a 
solution to system (jl.ip . then (u, cv) is also a solution to system (jl.ip . It is natural 
to think V/i as a new unknown function whence V/i is uniquely determined. Setting 
A = \/— A, g = — A/i and G = A^^V • (pVA~^g), we obtain the following model 

|9fP = Ap + Ag- AG, 
I dtq = -Ap 

for t > and x G M^. 

In this paper, we study system (jl.4p with initial data (^0(2^), Qoix)) G -ff'^(M^) x 
i7i(M3) (k = 0, 2). More precisely, we prove the global well-posedness of system ()1.4p 
with small initial data satisfying {po,qo) G -ff'^(M^) x i7^(R'^) {k = 0, 2, see Theorems 
11.11 and II. 2p . The main tools are Fourier transformation theory and the smoothing 
properties of parabolic-hyperbolic coupled systems (see inequalities (|3.1ip - (|3.13p 
below for details). Particularly, from ()3.6p and (13.111) as well as definition of mi{t, 
for 1^1 > 2 in (M), we observe that if |^| > 4, then 
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6 2 e 1+s / 4 v3 

mi{t,0 = 5(5+i)|g|2 with H = ^1-^G( — ,1). (1.5) 

Considering the smoothing effects, we need to study dfd"mi{t, D) with symbol 
dk''rn,it,0 = -{^^Ip^l^l're-^^ + ^^f^rir^e".^, (1.6) 

^« = ^J'l^^^^^a^ Q, ^ (0,^^0,2,03) G N^, A; G Nand |a| = 01+02 + 03 < 2. Indeed, for 
any pQ G L'^, t > and |,^| > 4, from (|1.5p and (|1.6p we have the following smoothing 
property 

\\d'^d''mi{t,D)po\\L2 < (Ci{k)t-^-^-^ + C2{k)e-')\\po\\L2. (1.7) 

However, following similar arguments as in (ll.5p - (ll.7p . if t > 0, |^| > 4 and qq G H^, 
then from ()3.6p . (M) and ()3.1ip we can only get 

\\d^m2{t,D)qo\\H. <C3(A;)||(?olbi, (1-8) 

where no smoothing effect exists for spatial variable. Considering the low frequency 
piece, smoothing properties of mi{t,D) and m2{t, D){—A)~2 are similar to e*^, 
hence it is omitted. In some cases, this special coupled system with such smoothing 
effects is also called weak dissipative structure, see for instance [H]. For various 
aspects of the smoothing properties, we refer the readers to see, for instance [U [9] 
and the references therein. The proof here is based on a combination of the Fourier 
transform and estimates of the eigenvalues of the corresponding characteristic matrix 
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(see ()3.ip - (|3.13p below for details). The different decay properties of the eigenvalues 
of the characteristic matrix enable us to take advantages of the smoothing property 
of the high frequency piece0 of p, i.e., p G L^(0, cxd; ij^^) instead of that of q 
since the high frequency piece of q does not have spatial smoothing effect (see (|1.8p 
above). The introduced L^(0, oo; ij^^) space is the new point of this article. The 
main difficulty is to estimate ||pVg||ii(o,oo;L2), which forces us to use frequency 
decomposition or partition of unit and smoothing effect of the high frequency piece 
of p (see Lemma [3.21 below). Once ||pV(7||^i(o,oo;L2) being estimated, the desired 
result follows from a standard fixed point argument. As for the decay property of v 
in system (II. ip . we apply the limiting case of the Sobolev inequality in BMO (cf. 
for instance, [18]) to v = ce^^~^^^e~^ hence obtain lower and upper bounds for 
its L°° norm which are stated in (jl.18p - fl.19p . 

Before stating the main results, we define the partition of unit. Let us briefiy 
explain how it may be built in M^. Let 5(M^) be the Schwarz class and {r],ip,ip) be 
three smooth radially symmetric functions valued in [0, 1] such that 

supp V C G ICI > 2^}, supp C G 1< \^\ < 2^}, (1.9) 
supp7?cUgM3; ICI <2}, r/(0+V?(e)+V'(e) = 1, VeeM^ (1.10) 

For / G 5'(M'^), we define the low, medium and high frequency operators as followsH 

/ = r^{D)f, r = V>{D)f, = i,{D)f, ri{D)i,{D)f ^ (1.11) 

with r]{^),ip{^) and ip{6,) being symbols of r]{D),{p{D) and ^p{D), respectively. 

Throughout this paper, J^f and / stand for Fourier transform of / with respect 
to space variable and J-~^ stands for the corresponding inverse Fourier transform. 
For any s > and any function /, we shall define the fractional Riesz potential A** 
and Bessel potential (A)** := (1 — A)2 via 

A^(6 = ier/(o and (Ap/(o = io'm = (i + m'f^m, (1-12) 

respectively. 1 1 • 1 1 ^2 , 1 1 • 1 1 2,00 , 1 1 • 1 1 and 1 1 • 1 1 denote the norms of the usual Lebesgue 
measurable function spaces L^, the usual Bessel potential space 

H':={feS'{R^); |KA)7||l2 < 00} (1.13) 

and Riesz potential space 

:= {/ G 5'(R3); HA^Hl^ < 00}, (1.14) 

respectively. Moreover, from (jl.lSp and (jl.l4p . we observe that for any s > 0, there 
holds = n L^. For simplicity, for any s G M, we define 

ij; = {/ G S'{R^); WfW^s = Wi^{D)f\\L2 = \\A'f\\L2 < 00}, (1.15) 

^Definitions of the low, medium and high frequency pieces of a function are given by 
f = Ti{D)f = J'~^ iviOfiO) similar conventions are applied throughout this paper. 
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where itself is not a Banach space since from (jl.lip one can prove that for 
any g G S{M?) satisfying suppg C G M^; |^| < 2^} and / G if^, there holds 
= 11/ + . Hence we need to introduce another Banach space Z to get an 

intersection space Z D which forms a Banach space. 

The function space C([0, oo);X) is equipped with norm H/HLf'X, where X stands 
for some Banach space. For any two quantities A and B, we shall use the notation 
A < B when A < CB for some positive constant C. The dependence of C on 
various parameters is usually clear from the context. A ^ B ii and only ii A < B 
and B < A. For any 1 < p,r < oo, we denote -L^(0, oo) and L^^O, oo; L**) by and 
L^U' , respectively. 

We state the main results as follows. 

Theorem 1.1. For any initial data (poiQo) £ -L^(M^) x H^(R^), there exist positive 
constants C and Eq such that if \\{po, qo)\\L2xH^ ^ ^O; then system (jl.4p has a unique 
global solution {p,q) G C([0,oo);L^) x C{[0,oo); H^) satisfying 

Wip, q)\\L^L2xL^m + ll(Vp,Vg)||i2i2xL2L2 + IIpII . I < Ceq. 

Theorem 1.2. For any initial data (po;9o) £ H'^iW^) x H^{W^), there exist positive 
constants C and Eq such that if\\ipo,qo)\\H^xH'^ ^ ^O; then system (|1.4p has a unique 
global solution {p,q) G C([0, oo); -ff^) x C{[0,oo); H^) satisfying 

H'^xUfH'^ +SUp(l+t)2||(Vp,Vg)||j;^2xL2 + SUp (1+ t) 8 || A4p||^2 < Ceo- 
* ' t>0 t>0 

Theorem 11.21 proves well-posedness of (jl.4p with data {pQ,qQ)^H'^{M?)xH'^{M?). 
Notice that L°° is also natural setting for cell density u and chemical concentration 
V. Based on the transformation of {u,v) and {p,q), in order to study the L°° norm 

1 7 7 

decay of {u, v), we add sup (1+ t)2 ||(Vp, ^q)\\L^xL'^ ^^'^ sup (1+ t)8 ||A4p||^2. 

t>o t>o 

Recall that if {u,v) solves the system (jl.ip . then for any positive constant c, 
{u,cv) also solves system (jl.ip . Hence from the unique solution {p,q) of (11. 4p . we 
have a sequence of solutions {u,cv) such that v = ce("-M)*e~^ Keeping this in 
mind and from embedding theorems ifi ^ L^"^, H2 ^ ^ BMO~^ as well as 
Lemma [23] below, we get v = ce^'^~^^^e~^ ^'^ andU 

\\A-\\\l^ < C(l + ||A"^g||ijA/o(l + max{0,ln||A-ig||^3,i2})) 

< C7(l + ||g||BMO-i(l + max{0,ln(||A-ig||ii2 + ||A-3g||ii2)}) ) 

< C(l + \\q\\^i (1 + max{0, H\\q\\^i + IkHni)}) ) 

< C{1 + \\Vq\\l,\\q\\U'^ + max{0, In \\q\\m}) ). (1.16) 

^ We refer the readers to [32] to see definition of BM O space and p/7j to see definition of BMO~^ 
as well as embedding theorem L" ^ BMO~^ . 
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In Theorem 11.21 we chose Eq such that Ceq < 1. Then from ()1.16p . we obtain that 

||A-'q||l- < C(l + \\Vq\\lM\h) < C(l + \\Vq\\l,). (1.17) 

Making use of definition of Banach valued series e-^ , we observe that is well defined 
if / G L°°. Applying (fTTTl) to v = ce("-'^)*e-^"''?, we get 

c 
c 

From Theorem 11.21 and p.l8p - p.l9p . we have the following result. 

Corollary 1.3. // initial data (uq — ^t, "^0) satisfying {uq — u,Vlnvo) G i/^(M^) x 
H^{M.^) and if there exists constant eo > such that \\{uo — n, Vln?;o)||_ff2xHi ^ ^O; 
then system (|l.ip has a global solution {u,v) satisfying \\{u — u, 'Vlnv)\\j^oo j^2y^uxffi ^ 

{u-u,Vlnv) G C{[0,oo);H^) x C([0,oo);F^) 

1 77 
and sup^^o (1+ 0^ ^1ii^)IIl2xL2 + sup^^g (1+ t)8 ||A4u||^2 < Eq ^^^^^^ moreover 

||n - nllioo < (1 + as t — > 00 ; ||t;||Loo ~ e*^""^^* as t 00. (1-20) 

P/an of the paper: In Sect. 2 we introduce several preliminaries lemmas, while in 
Sect. 3 we prove Theorems 11.11 and 11.21 and Corollarv ll.3[ 



2 Preliminary lemmas 

In this section, we list several known lemmas and prove some key lemma which 
will be used in proving the well-posedness of the parabolic-hyperbolic chemotaxis. 
The first lemma given below is concerned with functions whose Fourier transforms 
are supported in low, medium and high frequency areas in the frequency space. We 
note that the first two results are the well-known Bernstein's inequalities (cf. |20j 
Proposition 3.2 on page 24, or pp Lemma 2.1 on page 52) and the last one is a direct 
applications of the Sobolev embedding theorem. 

Lemma 2.1. If {s,a,b) G [0, 00) x [l,oo]^, a<b and f{x) G L", then for any two 
positive constants ci and C2 there exists positive constant c such that 

supp 7c {i G ]R3; < C2}, IIAVII^. < ccf"^^"^^ (2.1) 

supp/C^GM^; ci<|^|<C2}, -^WfU^ <\W f\W < CK^^\f\\L-^, (2.2) 

K 1 

supp /C {i G M^; > ci}, 11/11^. < \\{KYf\\L^ = (2.3) 

where At = In ^ and W^'^ is the fractional Sobolev space. 
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Proof. The first two results are direct consequences of Proposition 3.2 of [20] and 
Lemma 2.1 of [Ij by using Littlewood-Paley decomposition, while the third inequality 
is also a direct consequence of Sobolev embedding theorem. Hence we finish the 
proof. □ 

Applying Lemma l2.ll with 2 = a < 6 < cxd and s > to r]{D)f and ip{D)f, we 

get 

UD)fU, < \\f\y and mD)f\\L^ < ||A7IIl- 
From (|2.1|) - (j2.2|) . we have the following lemma concerning the Fourier multiplier. 

Lemma 2.2. //re [l,oo], v e L^, m{t,^) eL^Lf andm{t,D)v =T-^m{t,C)v{0, 
then we get 

\\m{t,D)v\\LrL2 < \\m\\LiL^\\v\\L2; (2.4) 
if rG[2,oo], veL^ m(t, ^)|^|* G L|^L[ and m{t, D)v = T-'^'m{t,^)v{^), then we get 

\\m{t,D)v\\^r^^ < sup (\C\'\\m{-,C)\\LA\\v\\L2. (2.5) 



Proof. The proof of (|2.4p follows from the classical Fourier multiplier theory and for 
readers convenience, we give the proof as follows 

\\'m'{t,D)v\\LiL2 = \\m{t,-)v{-)\\Liq < OIU^" 

< ll"l||L[L|°|b||L2- 

In order to prove (|2.5p . we need to use Plancherel equality, Minkowski's inequality. 
Holder's inequality and Plancherel equality again, i.e., 

\\m{t,D)v\\^rj^, = \\m{t,-)\ ■\'v{-)\\LrLl ^ \\m(,t,-)\ -M-^q^ 
< sup (\\m{-,0\\Li\C\')\\v\\L^- 
Hence we finish the proof. □ 

The skill we used in proving Lemma 12.21 will be used repeatedly in the following 
subsections. In this paper, the multipliers satisfying the assumptions of Lemma [23 



are e and e '^^tttfti as well as e The next lemma is devoted to estimate the 
bilinear term which is known as the maximal L^L^ regularity result for heat kernel 
(cf. [20], Chapter 7). The operator A defined by 



u{t, x) I—)- Au{t, x) 



I e^^-^^^Au{T,x)dT 
Jo 



is bounded from L^L^ to L^L^ with 1 < r,p < oo. In this paper, we also need to 
establish a similar result whose proof is even simpler in Sobolev spaces and hence 
we list it as the following lemma. 
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Lemma 2.3. If\m{t,^)\ < ci(^^q|j^ + e '^^l^l^) and \id{t,^)\ < cie '^^ with positive 
constants c and ci, 2 <p<oo, 1 < r < pi < oo and {u, v) S L^L'^ x L'lLp' , then we get 

\\f m(t-r,D)u(r)dr|| i_|.2 < ||n||r2i2, (2.6) 
JO i^t^ 

\\[ Kt -T,D)u{T)dT\\^Pi^2 <\\u\\LrL2. (2.7) 

Jo * 

Proof. By applying Plancherel equality, Lemma 12.21 with ||m(t, •)||2,|o < cie~'^* and 
integrability of e"'^*, we see that the proof of (j2.7|) is quite straightforward. Hence it 
suffices to prove (j2.6p . Noticing that 1 + | G [0; 2], then by making use of definition 
of Fourier transformation and Fubini theorem, we have 

m{t-T,D)u{T)dT\\ 2=\\ m{t-T,^)\^\ Pu{T)dT\\LPLj 

^t^ '' Jo ^ 



< 



< 



1+- 

m{t-T,i)\i\ pu{T)dT\\q^P 
*(e-(*-)l«l'|e|^+l+e-^(*--))|S(T)|^ir||^2i. 



^ III|2||l2||^2 ~ ||n||^2^2 
^ II^IIl2L2> 

where in the second, fourth and fifth inequalities we have used Minkowski, Young's 
inequality, Fubini theorem and Plancherel equality. Hence we finish the proof □ 

The next lemma is about the Picard contraction argument (see e.g. ^). We 
will use this lemma to prove the main results concerning well-posedness of system 
(II. 4p with {po-,qo) being chosen as (xio,X2o) and initial data space Xiq x X20 being 
L2(M3) X F1(M3) or F2(R3) X i?i(M3). 

Lemma 2.4. Let (Xio x X20, \\ ■ Wx^ + II ' IU20) o,^'^ (^1 ^ ^2, || • ||xi + || • Ika) 
he abstract Banach product spaces, Li : Xiq x X20 Xi, L2 : Xiq x X20 — ^ X2, 
Bi : Xi X X2 — 7- Xi and B2 : Xi x X2 — )• X2 are two linear and two bilinear operators 
such that for any (xio,a;2o) G ^10 x X20, {xi,X2) £ Xi x X2, c > and i = 1,2, if 

\\Li{xio,X2o)\\x, < c(||xio|Uio + ||2;2o|U2o) "''^^ II -Bj (xi , X2) ||x, < C||xi||xi||x2||x2, 

then for any (xio, X20) eXioxX2o with ||(xio, X2o)||xioxX2o < 4^; the following system 

(xi,X2) = (il(xio,X2o),-^^2(xiO,X2o)) + (-Bi(xi,X2), -B2(xi,X2)) 

has a solution {xi,X2) in Xi x X2- In particular, the solution is such that 

||(xi,X2)||xixX2 < 4c||(xio,X2o)|UioxX20 

and it is the only one such that ||(xi, X2)||js:ixX2 < 7- 
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The last lemma is the limiting case of the Sobolev inequality in BMO, see |18| . 
Lemma 2.5. For n = 3 and s > ^, there exists a constant C depending on s so that 

II- < C{1 + ||/||ba/o(1 + max{0, In 12})) for all f G W''^\ 



3 Cauchy problem of parabolic-hyperbolic system ( 11.41 ) 



In this section, we mainly use Fourier transformation framework to study the 
well-posedness of p.4p with initial data in Sobolev the space. 

3.1 Linearization of fll.4p and the corresponding integral equations 

In this subsection, we first study the linearized system of (jl.4p around (pQ, qq) 
d f p\ ( — k \ ( p 



Taking Fourier transform of p.ip with respect to the space variable yields 

The characteristic polynomial of L(^) is + + According to the size 
of 1^1, we have the following three subcases: 

• If 1^1 > 2, then the characteristic polynomial possesses two distinct real 

roots: A+ = i^(-l + H) and A_ = ■1^(-1 - H) with S := ^\ - Since 

Ai / A2, the matrix L(^) is diagonalizable. After computing the associated 
eigenspaces, we find that 

P = ( ^ + ^ )fo + ^ ^, (3.2) 

^ = H M + ( 2 + 2H ^^-^^ 

where, for simplicity, we denote ^ — and ^ — by i^i,t(C) and 02,t(C)) 
respectively. Moreover, if there is no confusion, we will denote rii_t(^) and 
^2,i(0 by r^i,* and ^2,1-, respectively. 

• If 1 < 2, then the characteristic polynomial has two distinct complex roots: 
A+ = - and A_ = + with 6 := J-1 + Noticing 
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that Ai 7^ A2, hence the matrix L{(,) is also diagonahzable. After computing 
the associated eigenspaces, we get 

P = ( 2 + -2ze + -.9 ^'-'^ 

^ = —^I@—W\ ^ ^ 2 + -2z0 ^'-'^ 

where, for simphcity, we denote ^ ~ and ^ ^2ie ^3.* ^4.*' 

respectively. 

• If 1^1 = 2, L(^) is not diagonahzable. However, this case can be defined via 
lim|^l_i.2+ and lim|^|_^2- since the two limits not only exist, but also coincide. 



Analysis of multipliers in ()3.2p - (j3.5p is rewriten into the following five subcases: 
• If ICI > 4, then we obtain that ^ < H < 1, A+ = -t4=, A_ = -il±|M!^ 



2 ^ " ^ ^1 2 



e + — e 

t(l+5)|gp 

which yields that 



25 
3+1 



2 



\^i,t - ^2,t\ < 2e-— + ^e-^YTW ^'^^ ~ ^^'^'^ 

• If 2 < 1^1 < 4, then we have < H < ^, A+ = -j^, A_ = -ii±§M and 

_£(i±s)Jilf. 2(^ 

rji^i = ^ + = 2 ^ +e Applying 1 - e-l^'l < |x| to 172,t and 

noticing that 4< < 16, there holds 

l^^i.tl < e~* and |f^2,t| < 16e"i (3.7) 



If 1 < Id < 2, then we obtain that < G|C| < V^, X± = -^- =F i 



2 I " 2 ' 



"3,t - 5 - 6 ^ COS ana - _2i0\^\ - 2^ eiel 



2 . eisi^t 

sin — — 



2 



ti,|2 . eiert 
. illL sin — — 



|e 2 — ^^-^2_^|^|^ Applying | sinx| < | cosxl < 1 to ils^t and r24^j, we get 

2 

^^<4e-3, |J^4,t|<8e"^ and l^s,*! < e"! (3.8) 

• If Id < 1, then we can prove that \/3 < Q\i\ < 2, A± =-^-^ =F i^^, 

<e 2-, 1^4,41 <4e 4- and |1^3,t| < 2e 2". (3.9) 



1^1 
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If 1^1 -^2, then we obtain that hm|j|_^2+ ^ = lhTi|g|_^2- © = 0, hm|g|_^2 
— 2 and 



hm ill t = hm ^3 1 



e , hm il2 t = hm 1^4 1 = 2te 



-2t 



(3.10) 



For simphcity, we dehne the fohowing two muhiphers: 



f jii,4 - ^2,* if lei > 2, 

e-2t_2te-2* if lel =2, 
[ r?3,t - 5l4,t if lel < 2, 



f f^2,t if lei > 2, 



2te 



-2t 



if lei 



(M) 



ii4,t if lei < 2. 



Applying (|3.6p - (|3.10p to mi{t,S,) and m2(t,0, we observe that mi{t,^) and 
m2{t,£,) are not only radial but also continuous with respect to frequency variable 
^. Moreover, there exist constants c and ci such that if |^| > 2^, then we get 



\mi{t,0\<ciie-''\^\' + e 
if 1 < 1^1 < 2^, then we get 



-ct 



1 



and \m2{t, < cie 



-ct. 



mi{t,i)\ + \m2{t,0\ <cie-'=*; 



else if 1^1 < 2, then we get 



+ 1-2(^)1 + ^^^<cle--l«l^ 
141 



(3.11) 



(3.12) 



(3.13) 



Next we study system ()1.4p with data {pq, qq) and write it into equivalent integral 
equations. Taking Fourier transform of (|1.4p with respect to the space variable, 
applying the well-known Duhamel principle to (|3.2p - (j3.5p and then applying the 
inverse Fourier transform, we get 

p = mi{t,D)po + 2m2{t,D)A-^qo- [ mi{t-T, D)AG{T)dT, (3.14) 

q=-2m2{t,D)I^^Po + {mi{t,D) + 2m2it,D))qo-2[ m2{t-T, D)G{T)dT, (3.15) 

where mi (t, Z?) andm2(t, D) are symbols of mi (t,,^) andm2(t,^), respectively. From 
()3.14p and p.l5p . for any (po, qo) ^ L'^ x H^, we define a map ^ such that 

d{p,q) = {di{p,q),d2{p,q)) = ("r.h.s." of (3.14), "r.h.s." of (3.15)), (3.16) 

where "r.h.s." stands for "right hand side". 

The proof of Theorem 11.21 is similar but simpler than that of Theorem 11.11 thus 
we prove Theorem 1 1 . 1 1 fir st . 
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3.2 Proof of Theorem [TT] 

In this subsection, we first prove several a priori estimates including the crucial 
bilinear estimates. We define the corresponding resolution spaces as follows 

X X y = GC([0,oo);L2)xC7([0,oo);i7i) and + |k||y <oo}, (3.17) 

where IIpIIx := ||p||lj«l2 + IIpIIl2j^i + IIpII ^.7 and MW ■= hWif + hWilm- 
In what follows, we prove several key estimates. 

Proposition 3.1. Let {p,q) be a solution to system (II. 4p with {po,qo) S L'^(M'^) x 
//""^(M^) and ^ and be defined as in (I3.16p . Then there hold 

II5'(p,9)IIl-l2xL-hi ^ II(po,^o)||l2xhi+ 11^11^2^2 + ||G||^i^i, (3.18) 
MP^<l)\\L^,mx^H^ ^ \\iPo,qo)\\L^xm + WGh^L^ + IIGII^i^i, (3.19) 
Ui{p,q)\\ I < ||(po,go)||L2^^i + IIGII^i^i. (3.20) 

Proof. In order to prove (|3.18p - p.20p . from ()3.15p - (j3.17p we observe that we have 
to establish several estimates whose proof will be divided into three parts. 

Parti. Estimate of \\'^{p,q)\\L^L2^i^Hi. 

First, we derive the estimate for 5^i(p, q) defined in (|3.14p (|3.16p . 

Noticing that any function m{^) is an H'^ (or H'^) Fourier multiplier which 
means that for any H'^ (or H'') function f{x) (or g), there hold 

f \\m{D)f\\Hs = |K-)M-)/(-)IIl2 < IHIlMhs, 

{ « ^ (3.21) 

[ \\^iD)g\\Hs = III •|'m(-)?(-)|lL2 ^ ll"^||L|°||5'lli^s, 

where ||(r/(-)llL2 = ll/lk= and |||-r/(-)llL2 = Uh- 

For mi{t, D) and m2{t, D)A^^ , from (|3.1ip ~ (|3.13p and a simple calculation, we 
have that mi{t,S^), ^"^^g*'^^ G Lf'L^. Hence by applying ()2.4p with r = 00 and s = 
to mi(t, D)pq + 2m2{t, D)A~^qQ, we get 

\\mi{t,D)po + 2m2(t,i?)A-^go||L-L2 < IIpo||l2 + ||go||L2. (3.22) 

As for mi{t,D) + 2m2{t,D) and m2(t, -D)A"^(A), from (fSHD - dXTSj l and ^22i), 
we observe that mi(t,^) + 2m2(t,C), ^^^"[||^*'^^ S L|=. Hence applying ([23]) with 
r = 00 and s = 1 to m2{t, D)A^^pQ + {mi{t, D) + 2m2{t, D))qo, we get 

II - 2m2(t, D)A-^po + {mi{t, D) + 2m2{t, D))qo\\L^H^ 
< \\2m2{t,D)A-\A)po\\L^L^ + \\{mi{t,D) + 2m2{t,D))qo\\L^Hi 
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\\Po\y + \\qo\\H^- (3.23) 



Then we deal with the third term of (|XTI|) . Applying (|HTT]) - ([XTH|) and (|X71) with 
r = 2, p = oo, s = 1 and m{t,^) = mi(t,^) to G, we get 

II / mi{t — T, D)AG{T)dT\\i^ca = / mi{t — T,D)G{T)dT\\j^aaffi 
Jo 'Jo * 

< l|G||z.|L- (3.24) 

It remains to derive the estimate for ^z{p,q) defined in (j3.15p ()3.16p . By partition 
of unit, we have G = G^ + G'^ + G^. Then from Lemma [2H we get 

II / m2it - T,D)G{T)dT\\ LOO Hi = \\ / m2it - T,D){A)G{T)dT\\ 100^2 
Jo Jo 

< II / {m2{t-T,D)A-^)A{A){G^ + G"')dT + m2it-T,D){A)G^dT\\LooL2 

Jo * 

< II / m2(i-r,D)A-i(A)(G' + G™)dr|L^^i + 11 / m2it - t, D)G^dT\\Lo.H^ 

Jo ' Jo ' 

Applying (j3.1ip - ()3.13p . (j2.7p and Bernstein inequalities to In and lu, we get 

ill = II rm2(t-r,D)A-i(A)(G' + G'")dr||^^^i 
Jo ' 

<|KA)(G' + G™)||^.^. 

<\\{-H-) + {-M-)\\L^\\GhiL^ 

< WGWl^^l^ (3.25) 

and 

h2 = \\ [ m2(t-r,D)(A)G'^dT||rooi2 
Jo 

< \\A~HA)i^{D)G\\Li^i 

<\\\\\-\-'{-)i'{-)\\L^\\G\\Hi\\Ll 

< WGhiH^ (3.26) 

where in (j3.26p we have used the fact that < ^^^jg'p^ < 2. 
Part II. Estimate of \\'S{p,q)\\^fjiy^^fji. 

We first derive the estimate for di.{p,Q) defined in p.l4p (|3.16p . 

For mi(t,D) and m2{t, D)A~^ , from p.lip - (|3.13p and a simple calculation, we 
observe that \£,\mi{t,(^) + 2m2{t,^) G L^LI. Hence by applying (12.5j) with r = 2 
and s = 1 to mi{t, D)po + 2m2{t, D)A^^qo, we get 

\\mi{t,D)po + 2m2{t,D)A'^qo\\^2Hi < IIpo||l2 + ||go||L2. (3.27) 
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As for mi{t,D) + 2m2{t,D) and m2{t,D)A-^, from (l3TTD - (l3J3]) and IK22\\ . we 
observe that £ ^-iid "12(^5 S L'^Lf. Hence applying (j2.5p with 

r = 2 and s = 1 to m2(t, D)A^-'^po + {rni{t, D) + 2m2{t, D))qo, we get 

II - 2m2(t, D)A-^po + mi(t, Z))go + 2m2(t, Z))go|lL2^i 

^ IIPo||l2 + lko||L2 + ||Ago||L2 

<\\iPo,qo)\\L^xm- (3.28) 

We first deal with the third term on the r.h.s. of ()3.14p . Applying ()3.1ip - ()3.13p and 
(|2.7p with r = 2, /) = 2, s = 2 and m{t,S^) = mi{t,^) to the term of G, we get 

II / mi{t - T,D)AG{T)dT\\^2Hi = W [ rni{t-T,D)G{T)dT\\ ^2^2 

Jo * JO * 

< l|G||i2i2. (3.29) 

It remains to derive the estimate for ^z{p,q) defined in ()3.15p ()3.16p . Using similar 
ways in proving ()3.25p and ()3.26p . we get 

II / m2{t-T,D)G{T)dT\\^2Hl = \\ [ m2{t-T,D)AG{T)dT\\L2L2 

Jo * Jo ' 

<l|G||i2^2 + ||G'^||^l^l 

< IIGIL^^^ + IIGII^i^i. (3.30) 

Part III. Estimate of \\^i{p,q)\\ . 7 . 

From maximal regularity results, (|3.14p and (|3.16p . we observe that 
mip,q)\\ ^.r<\\ni,{t,D)po\\ ^.7+2\\m2it,D)A-'qo\\ ^.7 

+ 11 / mi{t-T)AG{T)dT\ 
Jo 

:= /21 +/22 + /23. (3.31) 
As for I21, applying ()3.1ip - (|3.12p and Lemma [2. II to I21 with |^| > 2^, we claim that 
hi = \\mi{t,D)pQ\\ ^ . 7 

< iie-^*i«i'iei^v(OpoiiLjL2 + iie-^'WmHo-'hiL^mq 

< \\po\\l2. (3.32) 



In order to show p.32p . it suffices to estimate ||e "^^'^l |^| 4'0(^)po||/^i7;^2 as follows 
||e-*l^l'|C|iv(6Fo||riL2 = [\[ e-^'^'\^\'\(\hiO\po\'dC)Ut 
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'■= hu + -^212- 

Applying Plancherel equality to I211, we have supe"^"^*'^' < t^^ and 



/2ii= /'(/ e-^''\^\'\^\h{0\po\'dO'^dt 



/o 



^ l|Po||L2- 

For > 2^ and t > 1, we get e-2^*l5l'|4|iv(0 < e-^*e-^l«l'|4|iV'(6 < e~^* and 



00 



/2i2< / (/ e-=*e-^l«l lel^V^COIPoPdO^^^t 

^1 J|5|>24 



00 

ct 



e dt||po||L| 



< 

< IIpoIIl- 

Similarly, applying (I3.11|) - (l3.12p and Lemma ET] to I22, we get 

/22 = ||m2(t,Z))A-igo|l . I < We-^'mWilLrh^Wrrl 



Ikolbi. (3.33) 



It remains to estimate I23. Noticing that the multipliers below can be estimated as 

7 _ 7 11 _ 11 

follows: 'mi{t — T^Cj\i\^ ^ (*~''")~^ ™d mi{t — t , ^)\^\~ < {t — T)~~, respectively. 

Hence we get 



hs = II / mi{t - T)AG{T)dT\\ 
Jo 

= II [' mi{t - T)A'^A^P{D)G{T)dT\\LlL2 
Jo 

< j^j^ min {(t - T)-i ||AVP)G(r)||,.2 , {t - r)-x ||V^(D)G|U2 jdrdt 

< min{(t - T)-i, (t - Tr^\\G{r)\\^,drdt 

min {(t - r)-8 , (t - r)'- }dt||G(r)||^i(ir 

noo 
min{f-i, f-x}dt||G(r)||^,dr 
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< WGhim (3-34) 

where in the fourth inequahty we have apphed (j2.3p to il){D)G with s = 1 and a = 2. 
Combining the above arguments, we finish the proof. □ 

Recalhng that G = A^^V • (pVA^^g) and Riesz transforms are bounded in L^, 
thus we need to estimate ||V • {pV k~^q)\\i^\i^2 = iji- The foUowing key lemma 

is devoted to estimating \\Vp- VA^-'^g||^ij;^2 and ||pAg||2^ij;^2, where 

V ■ {pSJk'^q) =Vp-VK'^q-pkq. (3.35) 
Lemma 3.2. Let X x Y be defined in (|3.17|) . If u £ X and v , then we get 

lkVf||iij^2 + \\Vuv\\l1l^ < \\u\\j^2fji\\v\\^2j^i + \\u\\ iMl^h^, (3.36) 

WuvWi'jL-^ < \\u\\LlH^\MLfH^- (3-37) 

Proof. At first, we prove ([336]). Recall that uVv = {u^ + u^)Vv + u^Vv. By making 
use of Holder's inequality, we have 

IKV?;||iii2 < \\{u' + u"')Vv\\lil^ + Wu'^VvWlil^ 

< +n'"||^2^oo||Vi;||i2^2 + H^^^Hlil- II Vw||l-l2 
: = ^31 + h2 

where from (j2.ip with |^| < 2^ and Sobolev embedding theorem, there holds 

/31 = ||n' +u™||i2^«>||Vt;||i2^2 

< ||n' +u'"||i2^6||?;||^2^i 

< lln'+n'^ 



^ ll^llL?i/ill'^llL2iji (3-38) 

where in the fourth inequality, we used the fact that r]{^) + (p{6.) is an L^-multiplier; 
From (|2.3|) with |^| > 2^ and Sobolev embedding theorem Hi L°°, we get 



^32 = ll^'*llLiL«=II^^IUt°°L2 

< l|n''|| , 7 llf II roo rrl 



< 



l\\v\\Lf°m- (3.39) 



Estimate of || Viiw||j;^ij;^2 is rather simple. By making use of Holder's inequality, we 
get 

l|V™||Lli2 < ||Vu||^2^3||t'||L2i6 < lkllL2^l|bllL2/fl. (3.40) 
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This proves (|3.36p . 

It remains to prove (|3.37p . By making use of Holder's inequality, we get 

\\uv\\l^,l2 ^ \Ml^^l4v\\l'^l3 < II'"IIl2^i||'^IIl^hi- (3.41) 
Finally, combining (|3.38p - (|3.4ip . we prove all the desired results. □ 

Applying ([OG]) and (jSTSTl) to Vp ■ VA'^q - pAq and A'^V • {pVA'^q), re- 
spectively, combining Proposition 13.11 Lemma 13.21 and (j3.17p . we have the following 
a-priori estimates. 

Corollary 3.3. Let {p,q) he a solution to system (|1.4p with {po,qo) G L^(M'^) x 
H^{R^) andS be defined as in (13.16p . Then there holds 

\\diP,q)\\xxY < \\iPO,qo)\\L^xm + \\iP,Q)\\xxY- 

Proof of Theorem 11.11 Applying Lemma 12.41 Corollary 13.31 and following a stan- 
dard fixed point argument, we prove Theorem 11.11 provided that ||(P0) 9o)||L2x_ffi is 
small. 

3 . 3 Proof of Theorem 1^21 

In this subsection, we first prove the a priori estimates including the crucial 
bilinear estimates as follows. 

Proposition 3.4. Let {p,q) be a solution to system p.4j) with {po,qo) G i^*-M^)2 x 
H^{M.^) and d be defined as in ()3.16p . Then there hold 

\\d{p,q)\\Li°H^xL^m ^ \\{Po,qo)\\H2xm + WpWli^hAWWl^h^- (3-42) 

Proof. We first derive the estimate for di{p,Q) defined in (13.141) (I3.16p . 

Applying mi(t,e),^^^^ e L1°Lf, G Lf and ^ with r = oo and 

s = to mi{t, D)pq + 2m2{t, D)A^^qQ, we get 

\\rm{t,D)po + 2m2it,D)A-^qo\\H2 < ||mi(t,0(OVo|lL? + ll^^^^^^fl^^olli? 

<\\Po\\H^ + \\qo\\m. (3.43) 

Similarly, noticing that mi(t,^) + 2m2{t,^), ^^^"|||^*'^^ £ LfLf, applying ([23]) with 
r = oo and s = 1 to m2(t, D)A^^pQ + (mi(t, D) + 2m2(t, D))qQ, we get 

\\2m2{t,D)A'^Po - {mi{t, D) + 2m2{t, D))qo\\L^H^ < ||po||l2 + hoWm- (3.44) 
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Now we deal with the third term on the r.h.s. of (j3.14p . Applying ()3.1ip - ()3.13p and 
(|2.7p with r = 2, p = oo, s = 1 and m{t,£,) = mi(t, ^) to G, we get 



\\ j'^m^{t-T,D)G{T)dr\\^^^, < \\G\\^^^^, < \\G\\^^j 

^Wph^rnhh^m (3-45) 

and 

II / mi(t-r, L))AG(r)dr||^oo^2 = / mi{t-T, D)G{T)dT\\^^^s 
Jo ^ Jo ' 

~ W^h^m ~ l|Vp||L-L6||g||ioo^3 + llpllL-L-IIVgllioo^a 

^ l|p||L-//2||g||ioo^i. (3.46) 

It remains to derive the estimate for diip,Q) defined in (|3.15p (j3.16p . Using similar 
ways in proving (|3.25p and ()3.26p . we get 

II fm2{t - T, 7?)A-i(A)(G' + G-)dr||^^^, < ||G||^^.o^-x < IIGH^^^s (3.47) 

and 

II fm^it - T,D){A)G^dT\\L^L^ < \\G\\l^h^ (3.48) 
Jo 

where we have used the damping property of G^, i.e., 'ip{£,)m2{t, S.) < e~^*. 

Combining the above arguments, we finish the proof. □ 

The following proposition is used to prove decay estimates of solutions to (jl.ip . 

Proposition 3.5. Let {p,q) be a solution to system ()1.4p with {po,qo) G H'^iM.^) x 
H^{R^) and ^ be defined as in (|3.16p . Then there hold 

(1 + t)'^\\Vd{p, q)\\L^ + (1 + t)l\\Ai^,{p, q)\\L2 

< \\{Po,qo)\\H^xm + sup ({1 + t)^2\\{Vp,Vq)\\L2y,LA + sup ((1 + t)i HAipH^a) . 

t>0 ^ ^ t>0 ^ ^ 

Proof. Noticing that mi{t,(^)\$,\ + m2{t,^) < e'^^^l^l^l^l + e"'^*, we have 

\\mi{t,D)Apo + 2m2{t,D)qo\\L2 < ||mi(t, ^)|^|p5||^2 + \\m2{t,C)qo\\q 

< (l + t)-i(||po||Hi + Ikollni) 

7 3 7 

and \\mi{t, D)A4po + 2m2{t, D)A4 qo\\L2 < (1 + t)"8 (||po||h2 + hoWm)- Similarly, 
\\2m2it,D)po- imi{t,D)A + 2m2{t,D)A)qo\\L2 < {1 + 1)-^ {\\po\\m + IMm)- 
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As for the third term on the r.h.s. of ()3.14p . by using 'mi{t,(^)\(^\ < e '^'l^' |^| +e 
chain rule, Plancherel equahty and Sobolev embedding, we get 

II / mi{t-T,D)AG{T)dT\\L2 
Jo 

l-t 

< / (t-r)-5(l + r)-3dTsup(l + T)3(||Vp||i3||g||i6 + ||Vg||i2||p||L^) 

JO T>0 

< (1 + sup ((1 + t)I ||Atp||i2 + (1 + t)3 ||A3p||i2) (1 + T)i||Vg||i2. 

T>0 ^ ^ 

Similarly, we have 

II / mi{t-T,D)hJVG{T)dT\\L2 
Jo 

/■* 7 5 5 

< / (t-r)-8(l + T)-4dTsup(l + T)4(||Vp||i3||g||i6 + ||Vg||i2||p||L^) 

Jo T>0 



and 



-ct 



< (1 + t)—s sup (1 + r) 4 ||A2p||^2 + (1 + r) 4 ||A4p||^2 (1 + r) 2 1| Vg||i2 , 

T>0 ^ ^ 

II / m2{t-T,D)VGdT\\L2 
Jo 

< / (i-^)"^(l+T)-t(iTSUp(l + T)l(||Vp||i3||(?||i6 + ||Vg||i2||p||L^) 
Jo T>0 

< (1 + t)-^ sup ((1 + t)I ||Aip||i2 + (1 + t)3 ||A3p||i2) (1 + r)^ II Vg||i2 . 

T>0 ^ ^ 

3 7 2 1 

Combining the above arguments and ||A2p||^2 < ||A4p|||^2||Vp|||2) we finish the 
proof. □ 

Proof of Theorem 11.21 Applying Lemma 12.41 Propositions 13.4 1 and 13.51 following 
standard fixed point argument, we prove Theorem 11.21 provides that 11(^*0, '?o)||l2x//i 
is small. 



3.4 Proof of Corollary [TTSl 

Proof of Corollary II. 3[ Applying Lemma 12.41 and Corollary 13.31 to system p.ip , 
we prove the existence results of Corollary 11.31 As for the decay property of u, we 
use (fTTHjl - ffrT^ . We omit the details. 
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